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University of Florida C HILDREN DEVELOP VARIOUS STRATEGIES AS they learn to measure; yet, even as late as fourth grade, they still make fundamental measurement errors. Children must understand the essential properties of measurement in order to avoid making errors, and some of these properties are more difficult for children to understand than others. Ellis, Siegler, and Van Voorhis (1999) described the essential properties of measurement. First, children should understand that measurement is quantifiable. Second, children should understand that each unit of measurement must be equal in size, a standard unit. Third, children must also understand that each unit of measurement on the ruler can be represented by one and only one number, one-to-one correspondence. Fourth, children should understand the concept of cardinality. The child must understand that the last number that lines up with the object being measured is an indicator of how many units long the object is. Fifth, children should understand that the numbers are aligned in a stable order. Finally, the tool used to measure the object must not vary; it must yield reliable and stable measurements over time.
One measurement essential with which children seem to have particular difficulty is cardinality. Great doubt surrounds the issue of how cardinality develops (Frye, Braisby, Lowe, Maroudas, & Nicholls, 1989) . Researchers speculate that cardinality questions such as "how many?" may be answered using a last-word strategy (Fuson, Pergament, Lyons, & Hall, 1985) . For example, if the experimenter counts aloud five objects on a table and then asks the child "how many?" the child may just simply say the last number said, "five." Fuson and colleagues (1985) found that there was no relation between being able to count correctly and giving correct answers to cardinality questions. Thus, this evidence supports the notion that children do not understand the relation between counting and cardinality and may, indeed, rely on such things as the last-word strategy (Frye et al., 1989) . These results are also consistent with the finding that, overall, children are better at determining if the counting procedure is correct than they are at determining the accuracy of a cardinality statement (Frye et al., 1989) .
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Children's understanding of the concept of cardinality can be examined by having them place numbers on a ruler. Results suggest that when 6-year-olds measure using a "broken ruler," they are not able to adjust their measurement strategies to arrive at the correct answer (Nunes & Bryant, 1996) . It appears that they cannot ignore the incorrect numbers and count the units on their own. When asked to choose among rulers, children do select rulers with equally spaced intervals, but they do not seem to understand that these spaces represent a unit of measurement (Nunes & Bryant, 1996) . The problem of cardinality is also apparent in the finding by Ellis and Siegler (1995) that 50% of second graders began measuring at 1 instead of at the end of the ruler (0) and that even up to 30% of third and fourth graders consistently began measuring from 1. These results suggest that children as old as fourth graders still may not understand the concept of cardinality, an essential of measurement.
The concept of zero itself seems to be difficult for children to understand. Evidence suggests that the understanding of zero lags behind and is more difficult to understand than other small counting numbers (Wellman & Miller, 1986) . In fact, in arithmetic problems, the majority of errors involve problems with zero contained in them (Wellman & Miller, 1986) . Children may know that zero is "none" or "nothing" but still not treat it as a counting number. Before they identify zero as the smallest number, children tend to insist that one is the smallest number even when they can verbalize that zero represents "none" (Wellman & Miller, 1986) . Just as zero appears to create difficulties in math problems, so it also does in measurement tasks.
When 5-and 6-year-old children wrote numbers on an unmarked ruler, the vast majority did not use 0 as the starting point; 89% put 1 at the first mark on the ruler (Nunes & Bryant, 1996) . Children also compared two rulers, one beginning at 0 and the other at 1, and then decided which had been drawn correctly. Only 2 of 22 children even used 0 as a criterion, and even one of those two applied the zero criterion incorrectly (Nunes & Bryant, 1996) . Ellis and Siegler (1995) have found similar results. In their study, 80% of kindergartners chose rulers that did not begin at 0. Their justifications included statements that the ruler was somehow "longer" and "better" because it had "more" numbers on it. Interestingly, second graders seemed to be able to select a ruler with all of the appropriate properties, yet half began measuring from 1.
The present study examined the developmental changes in children's measurement misconceptions.
A series of tasks was presented in which the issue of cardinality became increasingly salient so that a child who made a cardinality error (not measuring from 0) was faced with increasing "evidence" of his/her mistake. The experimenters hypothesized that the third graders would perform better across all tasks than first graders, that performance would decline for all age groups with Task 5, a nonconventional problem, and that performance would increase for the last task, which follows a "teaching session."
Method Participants
The participants were 20 first graders (mean age = 6 years, 9 months; range = 6 years, 6 months to 7 years, 3 months) and 20 third graders (mean age = 8 years, 10 1 ⁄ 2 months; range = 8 years, 0 months to 9 years, 7 months) from a local elementary school in Gainesville, FL. All first-and third-grade students received a parental information and permission slip to be signed by their guardians. The groups of this study were selected from those students who returned a signed permission slip and expressed a desire to participate in the study. Each grade-level group was comprised of approximately equal numbers of girls and boys.
Tasks
Each child encountered a series of six tasks presented in a set order designed to make the issue of cardinality increasingly salient (see Figure 1 ). The experimenters presented and explained each task to the children and asked them to perform the task. Then, the children explained how they arrived at the particular answer they gave after the completion of each task. The children received positive feedback for any answer given whether it was correct or incorrect.
Task 1: Measuring with a conventional ruler. The children measured a 6-in. book with a conventional ruler and explained how they decided on their answers.
Task 2: Measuring with a conventional ruler versus a tape measure. In this task, the children first measured a new object, another book which was 11 in. long, with a ruler and then with a tape measure. The children explained any discrepancies between their first (ruler) and last (tape measure) answers.
Task 3: Producing a line with the aid of a ruler. The children viewed a 4-in. line drawn on the experimenter's Magna Doodle with the ruler still in place and then drew a line of corresponding length on another, smaller, Magna Doodle using a similar ruler. The children explained how to make their line exactly match the experimenter's line. Task 4: Translating a measurement into units. The children first measured a 10-in. tube with a ruler and then guessed how many 1-in. blocks it would take to fill the tube. Then the children filled the tube with as many blocks as possible. Again, the children explained any discrepancies among their measurements, guesses, and the actual number of blocks it took to fill the tube.
Task 5: Measuring in the middle. The children viewed a calibrated tube with a 2-in. piece of colored paper set in the middle, not at the end (0). The children stated how long the piece of paper was. The children explained their reasoning for giving a particular answer.
Teaching session. If the child answered incorrectly in Task 5, a prompt was given to determine whether the child would change his/her answers. The experimenters pointed to the first marking and then to the second marking on the calibrated tube while asking "How far is it from here to here?" The child should respond, "one inch." If the child did not respond correctly with this prompt, the experimenter used the 1-in. blocks to demonstrate that the paper was, in fact, 2 in. long. Task 6 (transfer task): Measuring with a "broken" ruler. The children received a "broken ruler," one that is torn at the left end and begins at 3. They measured a 3-in. line drawn on the small Magna Doodle with this ruler. The children once again explained how they arrived at their answers. One of the purposes of this task (with the same fundamental question as Task 5) was to see whether the children would transfer the learning from the previous teaching session to the present task in order to arrive at the correct answer.
Procedure
The child became familiar with the materials utilized in each task. For instance, the experimenter would ask, "Have you seen one of these before?" and if the child did not know what the object was, the materials were shown and explained to the child. However, at no time did the experimenter model measuring. An example would be explaining to a child what a Magna Doodle is, something we can "draw like this on" and then "erase like this." Next, the child answered the specific questions of the particular task. After each answer, the child responded to an appropriate question such as, "How did you decide that it was ---inches long?" or "Why do you think when you measured it with the ruler you said it was ---inches long and now when you measured it with the ---you said it was ---inches long?" Such questions tapped the child's explanation(s) for his/her answers.
Results
An analysis of variance (ANOVA) revealed no sex differences; thus, data for boys and girls were combined for the analysis reported below. Children's answers were scored such that less advanced explanations/strategies received lower scores than more advanced explanations/strategies. More specifically, explanations were coded as follows: a child offering no explanation received a score of 0, a child offering an explanation received a score of 1, and a child verbalizing his/her recognition of the measurement error received a score of 2. Strategies were scored in much the same way: a child offering an apparent guess received a score of 0, a child reading the number that corresponded with the rightmost end of the object received a score of 1, a child counting the number of numerals that corresponded with the object received a score of 2, a child counting the number of spaces or units received a score of 3, and a child using subtraction to arrive at the correct answer received a score of 4. Thus, more advanced explanations and strategies received appropriately higher scores than less advanced explanations and strategies.
Measuring With a Conventional Ruler
In this task, 12 of 20 first graders and 3 of 20 third graders began measuring at some number other than 0, whereas 8 first graders and 17 third graders began measuring at 0. A Pearson's chi-square analysis revealed that third graders were more likely than first graders to begin measuring from 0 , χ 2 (1, N = 40) = 8.64, p < .01.
Conventional Ruler Versus Tape Measure
Performance in the first task was identical to performance in this task in which the children measured a new object, a book, with the same ruler. The proportion who measured from numbers other than 0 dropped, however, when children measured the same book with a tape measure. Only 6 of 20 first graders and 0 of 20 third graders began measuring from some number other than 0. Nonetheless, third graders were significantly less likely to measure from a number other than 0 than were first graders, χ 2 (1, N = 40) = 7.06, p < .01.
Third graders (M = 1.67, SD = 0.58) were not significantly better at explaining discrepancies in their answers than the first graders (M = 0.63, SD = 1.06), F (1, 10) = 2.49, p > .05. Of the eight first graders who had discrepancies in their answers, five could offer no explanation, two thought some physical property about the book had changed, and only one recognized the measurement error he/she had made. Only three of the third graders had discrepancies for which to account, and one thought there was a change in the physical properties of the book, whereas two said that they "measured wrong" but did not recognize their real errors, that is, the different starting points.
Producing a Line With the Aid of a Ruler
In this task the participants drew a line as long as that shown on the experimenter's Magna Doodle. Thirteen of 20 first graders and 10 of 20 third graders began drawing from some number other than 0. The differences between the two grades was not significant, χ 2 (1, N = 40) = .92, p > .05.
When the participants who had drawn the line incorrectly were asked to make their line match the line on the large Magna Doodle, only 1 of 12 first graders could explain his/her mistake. Of 10 third graders who drew incorrectly, 3 could not explain how to make the lines match, whereas 7 realized that they had not begun to measure from 0. Therefore, although the third graders did not perform significantly better than the first graders in drawing the line, the third graders (M = 0.70, SD = 0.48) were significantly better at recognizing their errors in drawing the line than first graders (M = 0.08, SD = 0.28), F (1, 22) = 15.24, p < .01.
Translating a Measurement Into Units
In this task, children measured a hollow tube, guessed how many 1-in. blocks it would take to fill the tube, and then tested that guess by filling the tube with the blocks. First graders were significantly more likely to measure from a number other than 0 than were third graders, χ 2 (1, N = 40) = 3.96, p < .05 (50% and 20% of first and third graders, respectively). Thus, 15 children in all obtained different measurements when using a ruler and when filling the tube with 1-in. blocks. When the participants explained discrepancies between their ruler measurements and how many 1-in. blocks it took to fill the tube, 6 of the 11 first graders could not explain the difference, and 5 blamed the difference on some characteristic of the blocks. Of the 4 third graders who had discrepancies, 2 blamed the blocks, and 2 recognized that they measured with the ruler incorrectly. An ANOVA showed that the third graders (M = 1.5, SD = 0.58) were significantly better at identifying the source of the discrepancies than the first graders (M = 0.45, SD = .52), F (1, 14) = 11.18, p < .01.
Measuring in the Middle
Analysis revealed significant grade differences in the sophistication of the strategies used to solve the problem, with third graders (M = 2.35, SD = 0.88) using more advanced strategies than first graders (M = 1.00, SD = 0.65), F (1, 39) = 30.71, p < .01. None of the first graders, but 30% of the third graders, answered the problem correctly. Twelve of 20 first graders simply reported the measurement to be the number that corresponded with the rightmost end of the paper, whereas 4 counted the number of numerals that corresponded with the paper and so reported the length to be 3 (the numerals 6, 7, and 8); the remaining 4 first graders offered apparent guesses. In contrast, 6 of 20 third graders arrived at the correct answer of 2 in. Three of those did so by counting the number of spaces or units, whereas 3 used subtraction (8 -6 = 2). Third graders were most likely to get the problem wrong by counting the number of numerals (12 of 14 children). The two remaining third graders offered a "blind reading" of the numeral associated with the end of the paper (a "last-word" strategy choice).
Teaching Session
All of the children identified that the piece of paper in the calibrated tube in Task 5 was indeed 2 in. long via the help of the prompts when necessary.
Transfer Task: Measuring With a "Broken" Ruler
An ANOVA revealed that third graders (M = 2.15, SD = 1.14) used more advanced strategies than first graders (M = 1.05, SD = 0.51) in solving the problem, F (1, 39) = 15.59, p < .01. None of the first graders, but 40% of the third graders, arrived at the correct answer. Fifteen of 20 first graders simply reported the length of the line to be the number that corresponded with the rightmost end of line, whereas 3 counted the number of numerals that corresponded with the length of the line; the remaining 2 first graders offered apparent guesses. In contrast, 8 of 20 third graders answered the problem correctly. Six students did so by counting the number of spaces or units, whereas two used subtraction (6 -3 = 3). Again, third graders were most likely to get the problem wrong by counting the number of numerals (7 of 12 children). Of the remaining five third graders, three reported a "blind reading" of the numeral associated with the end of the line, and two made apparent guesses. Summary data as to the number of participants who correctly answered each task in each age group can be seen in Figure 2 .
Discussion
Overall, the results reveal that children generally do not fully understand the concept of cardinality, a principle of measurement (Ellis & Siegler, 1995 understanding of cardinality, the child will not be able to measure correctly (Piaget, Inhelder, & Szeminska, 1960) . In general, the third graders performed better than the first graders across all tasks. Performance on Task 5 did decrease as expected; however, the training session provided between Task 5 and Task 6 did not improve performance. An unexpected finding was the decreased performance in both grade levels for Task 3 .
It is evident that children do not seem to grasp the concept of cardinality in that both grade levels tended to make fundamental cardinality errors. A cardinality mistake most common to the first graders was simply reporting the number that lined up with the end of the object being measured. Similar to Fuson's last-word strategy, the children are reporting the last number on the ruler that corresponds with the end of the object (Fuson et al., 1985) . Children neglect to compensate for a different starting point and remain stable in their strategy choices, especially in the calibrated-tube and broken-ruler tasks. 
CHILDREN'S MEASUREMENT ERRORS Kiker
Another common cardinality mistake is the tendency for children to measure from 1 instead of from 0. A possible explanation for this type of cardinality error is that children's understanding of measurement may be greatly influenced by their understanding of counting (Ellis et al., 1999) . It is logical to reason that because children generally begin to count from one and not zero, they may erroneously assume they should also begin measuring from one. However, if they are applying their understanding of counting to measurement, what are they counting? They must use up or pass a unit before saying "one" (Nunes & Bryant, 1996) . Children who made the error of measuring from 1 instead of 0 were faced with having to explain why they gave two different answers in the same measurement task, yet few were able to recognize the error made.
When the tasks did present evidence of a measurement error, most children did not recognize their error or change their strategies. The children tended to blame some change in the physical properties of the object being measured instead of considering that they may have measured incorrectly. Thus, it seems that children tend to be stable in their measurement strategies despite evidence that their measurement strategies do not result in correct answers. Another example of the stability in children's answers is that the "teaching session" after Task 5, in which children are told of their mistake and shown how to arrive at the correct answer, appears to have not helped improve performance as assessed in Task 6. When presented with Task 6, in which the question is fundamentally the same, the children generally stayed with their incorrect strategy despite the fact that they were just shown that it yields an incorrect answer. Another possible explanation for the lack of improvement between Task 5 and Task 6 is that the training provided between the tasks did not have all of the characteristics needed to result in improved performance.
An especially surprising finding was the decreased performance on Task 3, most notably for the third graders. This task was the only one that required creating a line as opposed to simply measuring a line. The most common mistake here was that the children, even those who had been measuring correctly, began drawing the line from 1 instead of from 0. Therefore, it seems that there may be something different about creating a line as opposed to measuring a line. Perhaps children gain more experience in measuring lengths than they do in creating lengths when measurement is being taught.
In general, it appears that children may understand and adhere to the conventions of measurement, but when a nonconventional problem is presented, their performances decrease greatly. For example, many of the children did well when a conventional ruler was used, but in the calibrated-tube and brokenruler tasks, performance dropped sharply. Just as Piaget and colleagues (1960) claimed that children do not understand that counting to 10 means that 10 "things" have been counted, it appears that children may know to read the last number at the end of the object, 10, but not understand that that means the object is 10 units long. Perhaps when children are being taught measurement, they do not gain experience with nonconventional measurement problems, and as a result perform poorly when presented with such problems. It could be speculated that it is in the nonconventional problems that children learn the concept of cardinality because they cannot rely on "shortcut strategies" such as the last-word strategy; they must somehow demonstrate an understanding of cardinality in order to arrive at the correct answer.
Future research may want to examine teaching methods used to instruct children in the arena of measurement, as well as children's performance associated with each of those methods. For example, research could examine children's understanding of cardinality among children who either did or did not receive exposure to nonconventional measurement problems. Examination of the effectiveness of various types of training sessions and the characteristics of those sessions that result in improved performance would be beneficial in guiding future research and would provide important implications for effective methods of instruction. More research is needed to explore the difference between creating and measuring a line as well as the stability of incorrect measurement strategies despite conflicting evidence. The measurement essential of cardinality appears to be missing from most children's concept of measurement, and further research is needed to pinpoint why and how to help children understand cardinality and its application to measurement.
